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Abstract:- The article presents a Generalized Matrix
Multiplication scheme that allows Non-compatible
matrices to be multiplied using Spacer matrices, which are
unique for every possible pair of nonconforming
dimensions. The article presents an approach to define
positive integral powers of strictly rectangular complex
matrices and thereby define subspaces of the Complex
Matrix space using these matrix powers to constitute the
pertinent spanning sets. The mathematical formalism is
presented and Illustrated with numerical examples.
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Notations

e M, . (C) denotes the Complex Matrix space of order
m by n
e The Matrices A, and B,, are termed “ Non-

”»

compatible ” w.r.t. ordinary matrix multiplication AB
when M = nand for ordinary matrix multiplication BA
when S #1

e N denotes the set of all Natural numbers
e I denotes the Embedding dimension

e X, denotes the Spacer Matrix of order m by n
e P...Q,, arethe component Matrices associated with

the Spacer Matrix X

1
1
e my=| .| . (m=[1 1 . .1]_
_1 dmx1
e | denotes the Identity Matrix of order ‘s’
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max(a,b) denotes the maximum of the two inputs a
andb, a,beN

|a - b| denotes the absolute value of the difference of the

twoinputs a and b, a,beN

e The Generalized Matrix Multiplication operation is
denoted by the symbol o’

A" denotes the transpose of the Matrix A

l. INTRODUCTION

The present article addresses the issue of Matrix
Multiplication pertaining to multiplication of Non-compatible
matrices by introducing a Multiplication scheme that
compensates for the non-compatibility by invoking the
concept of an encapsulating higher dimension termed as
“Embedding Dimension” and defining “Spacer matrices”
associated with each such possible embedding dimension. The
spacer matrices are so defined that they are independent of the
matrix elements constituting the multiplication chain, and is
unique for given pair of nonconforming dimensions, also,
when there is compatibility these spacer matrices reduce to
Identity matrices of appropriate orders, therefore, this
generalized multiplication scheme is reduced to ordinary
matrix multiplication scheme when there is compatibility
among all the matrices that constitute the multiplication chain.
The presented scheme allows the embedding dimension to be
the same for a given pair of input dimensions regardless of
their ordering in the ordered pair, and it also allows for
defining the powers (positive and integral) of a strictly

rectangular complex matrix A, , thereby allowing formation

xn !

of Subspaces of the Complex matrix space M, (C), using

the unit matrix of order m by n , the matrix A and its
defined powers as the corresponding spanning sets.
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1. MATHEMATICAL FRAMEWORK AND ASSOCIATED ANALYSIS

AeM_, (C),BeM,,(C) , we define the associated Embedding dimensions as follows:
u=max(m,n)+|m—n| , v=max(t,s)+[t—s|

The Spacer Matrix associated with dimension pair (m,n) is denoted by X which is defined as follows:

mxn !

Xiwen = P Quxn » Where the space Matrix components have the following expressions:
> P=I_.,when m=n
1 0lh 7 Y
1 0lh 7 7z
> p:@m (—)|m)(u—m|} _ - when M0
m mxu
0 Vink % a
> Q=1_,, when m=n
1 0 ]
1 0
| . :
> Q=| 1 . 0 0 - - 1 hen m#n
= = , when
(H)|u —n){n| ooy . 4
uxn % % %
R N

The Spacer Matrix associated with dimension pair (t,S) is denoted by Y,

txs + Which is defined as follows:

Yis = R, W, . where the space Matrix components have the following expressions:

> R=1,, whent=s

, when t#8

> R {um (%)|t><v—t|}

txv
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Therefore, we define the Generalized Matrix Products AoB and Bo A as follows:

A%xm °© ant = A5><me><n ant = A%xm meuqun Bn><t

ant °© Agxm = anthxS A%xm = Bn><'[ RIXVWVXS Agxm

The Multiplication chain and the special case of chain of Identical Matrix units

General Scheme:

(Ai)mlxnl °© (Az)mzxn2 RETT (A§—1)mH><nS,1 °© (A¥)ms><nS = A_l(xl)nlxm2 AZ(XZ)nzxm3 """ &—l(xs—l)nﬂxmS &

Where we have the following:
(Xl)nlxm2 = (Pl)nlxrl (Ql)rlxm2 ! rl = max(nl’ mZ) +|n1 - m2|
(Xz)nzxm3 = (Pz)nzxr2 (Qz)rzme ! I’2 = max(nZ’ m3) +|n2 - m3|

Up to: (Xs—l)ns,lxmS = (Ps—l)n (Qs—l)rs,lxms ' rs—l = max(ns—l’ ms) +|ns—l - ms|

s 1}Ts1

Numerical Examples:

100
10
A=01,., AZ:(O 1] , Ay=|0 1 0] ,Then, we have the following:
2x2 0 0 1 s
T2
X1=(§ §J , X, = 6 63 , Therefore we have:
2 2o 172
6 6 32
10 100
D)y 0 ol0 1 0| =(2 2 2)
O 1 1x3
2x2 0 0 1

3x3
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r =max(m, n) +|m—n|=max(n,m)+|n—m|,vm,ne N , Therefore, if the Spacer Matrix associated with dimension
palr (m7 n) be men’ men = PmXI'QI’Xﬂ

The Spacer Matrix associated with dimension pair (n,m) beY¥, ., Y, . =Q' PT _

100 10 2
Hence,wehave: |0 1 O {0 :J °o(1),, =2
0 0 1 3x3 e 2 3x1

Special case: Powers of a Strictly Rectangular Matrix

m=m,=..=m,=m, n,=Nn,=...=N, =N, and we have M# N
Then, I, =T, =...=T,_, =F, Where I =max(m,n)-+|m-n|
Therefore, the chain constituted by ‘s’ such Matrix units A, A, . €M__(C), has the following Expression:

Anxn °© Aﬂxn Ouene© Aﬂxn = AnxnxnxmAnxn""AnxnxnxmAnxn' Where xnxm = I:qur(grxm

We can define powers of the strictly rectangular matrix A, as follows:

Anxn °© Aﬂxn = Aﬂxnxnxm Anxn ! Anxn °© Aﬂxn °© Aﬂxn = Anxnxnxm Aﬂxnxnxm Anxn !
Anxn © Anxn ° Anxn °© Anxn °© Anxn = Anxn anm Anxn anm Anxn anm Anxn anm Anxn !
ATIXFI °© ATIXI’] ° Anxn °© Anxn ° Anxn ° Anxn = ATIXFI anm A\‘IXI’\ anm Anxn anm Anxn anm Anxn anm Anxn

And so on.
Numerical Examples:

1 00
1) A= 0 , wehave: m=2n=3r=4

0 1

_ . 1 0 _ -

1 0 0 % % %

1 0 1 1 7

P3><4: 0 1 0 5 ' Q4><2= 1 1l szzz g g
1 2 2 2 2

0 0 1 — s =z
i 3 l l |13 3]

L 2 2 |
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r 1y BT
N RS
- =0 — — 0
6 6 2x3 18 18 2x3
1.685185 0.685185 O ]
Ao Ao Ac A= ... (Up to 6 decimal places)
0.685185 1.685185 0 o3

[2.080247 1.080247 0 _
Ao AcAocAoc A= ... (Up to 6 decimal places)
1 1.080247 2.080247 O 23

1 1 1]
2) B= wehave: m=2n=3r=4

1 1 1]
4 4 4 16 16 16 64 64 64
BoB = , BoBoB = , BoBoBoB= ,
{4 4 4} {16 16 16} {64 64 64}

We have: BoBo....oB('s'times)=4C"B , where s>1, 4°=1

-i 0 0
3 C= . ,wehave: m=2,n=3r=4
0 i 0

ooy a g 0
CoC= 16 67 . CoCoC=| 3 ;
= Ly 0 L
6 6 3
1.555556 -0.222222 O )
CoCoCoC= ... (Up to 6 decimal places)
—0.222222 1555556 O

The Fundamental Subspaces associated with a Non-zero, Strictly Rectangular Matrix

AeM__(C), A=0

mxn

m=n

mxn?

The Fundamental subspace of A, of degree ‘0’ is denoted byV (0):
V (0) =span(|m)(n|)
The Fundamental subspace of A, of degree ‘1” is denoted byV (1) :

V(@) =span(m)(nl, A,.,)

The Fundamental subspace of A, of degree ‘2’ is denoted byV (2):

V(2) =span(m)(nl, A, Av.q © Ana) =sPAN(M) (], Ay Avo X Ann)
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V (3) =span(|m)(n|, A, Ao A, Ao Ao A) =span(|m) (N, Aus A X man A s e X e P X o Amen) ANl S0

on.

We can see that: V (S) c M
1<dim.of (V(s))<m.n,vs>0,se{0}UN

Numerical Example:

10
A=
o

V (0) =spa !
( ) Sp n(|:1
V(1) =spa .

() Sp I”I(L-

1

V(2)= span(E

V(3) = span(E

} , we have the following associated results:

ﬂ), dim.(v (0)) =1

8}), dim.(V (1) = 2

1
6 6
1 7y
6 6
1
6 6
L 7y
6 6

Table of ‘m’, ‘n’ and ‘s’, for m=1,2,3,4,5 and n>m, n<10

s =max(m, n) +|m—n|=max(n,m) +|n—m|
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(C),vs>0 ,where se{0}UN,

),dim.(V(2)) =3
5 1
18 18
7%

4L 18 18

),dim.(V (3)) =3
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Invariance under the Generalized Multiplication operation for Matrix powers in the case of nonconforming dimension pairs

E. . :(%)|m)(n| ,where I =max(m,n)+|m—n|, m=n

Then, we have the following:

men °© men = menx E =E

nxm —mxn mxn

men ° men ° men = Em><nX Epn X E = Em

nxm —mxn nxm —mxn XN

Ingeneral, E_oE_ o..E_ _(s'times)=E_ ,vs>1seN

mxn !
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111. DISCUSSION AND CONCLUSION

The Generalized Multiplication scheme allows for
Matrix Multiplication to be defined on any arbitrary set of
Complex Matrices, and thereby extends the formalism of
ordinary matrix multiplication, the spacer matrices are key
components of this formalism; they compensate for any
present non-compatibilities and is unique for any ordered pair
of nonconforming dimensions and more importantly,
independent of the matrix elements of the matrices that
constitute the multiplication chain. When the ordering of the
dimensions in the pair is interchanged, the resulting spacer
matrix is just the transpose of the former. A particularly useful
feature of this formalism is that it allows defining positive
integral powers of a strictly rectangular complex matrix, The
Unit matrix of order m by n is particularly interesting in this
regard since all such powers of this matrix are multiple of
itself(belonging to the same one dimensional matrix subspace
associated with the unit matrix), thus, considering the unit

matrix, the non-zero strictly rectangular matrix A, _, and its

integral powers, one can construct the largest possible
Linearly Independent set(whose cardinality is bounded above
by m.n, i.e. the dimension of the complex matrix space

M,...(C), such a set forms a basis for a subspace of the

complex matrix space M . (C) , which is determined

m)(n|, A, X, and the

B

generalized multiplication operation ‘o ’, analysis of such
subspaces can provide insights in theoretical/computational
problems associated with such complex matrix spaces, which
will be taken up in subsequent follow up studies.

completely by the matrices
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