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Abstract:- The article presents an iterative scheme for 

evolution on M(r,c) subsets of the complex matrix spaces 

( )m nM C , where m≠n. The presented scheme involves 

separate conservation of the ‘r’ parameter and the ‘c’ 

parameter at each iteration step. The mathematical 

formalism is presented and illustrated with appropriate 

numerical examples. 
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Notations 

 

 ( )m nM C  denotes the Complex Matrix space of  

Matrices of order m by n 

 ( )R A  denotes the Global Mass Factor associated with 

the matrix m nA   

 r̂ is the numerical realization of the ( )R A  Factor  

 ( )C A  denotes the Global Alignment Factor associated 

with the matrix m nA   

 ĉ is the numerical realization of the ( )C A Factor 

 c  denotes the modulus of the complex number c  

 c
 denotes the complex conjugate of the complex 

number c  

  1 2, ,...., me e e  denotes the standard Orthonormal 

basis in 
mC  and  1 2, ,...., nf f f  denotes the 

standard Orthonormal basis in 
nC  

 
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  
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  

    
    
    
       
    
    
         

 

 
1 1

,
m n

ij ij i jm n
i j

B b V B W b v w


 

      

 
HX  denotes the Hermitian conjugate of the matrix X  

 
TX  denotes the Transpose of the matrix X  

 ˆ ˆ( , )M r c Is a subset of the Complex Matrix space 

( )m nM C , characterized by the numerical values of the 

Global Mass factor and Global alignment factor, r̂ and 

ĉ , respectively 

 N  denotes the set of all Natural numbers 

 C  denotes the set of all Complex numbers 

 
m nU 

 ○ m nV    denotes the Hadamard Product[10,19,26] of 

the matrices U and V of order m by n 

 0m nB    implies 

1 1

m n

xy x y

x y

B b e f
 

  ,  B is real 

valued and  0,xyb     1, 2,....,x m   and 

1,2,....,y n  

 0m nB    implies 

1 1

m n

xy x y

x y

B b e f
 

  , B  is real 

valued and  0xyb  ,    1, 2,....,x m  and  

1,2,....,y n  

 

I. INTRODUCTION 

 

The research article proposes a mathematical scheme 

for iterative evolution on M(r,c) subsets of strictly 
rectangular complex matrix spaces of order ‘m’ by ‘n’. The 

conservation of the subset parameter ‘r’ is achieved in an 

iterative framework involving Markov matrices [5, 8, 12, 25] 

whose structure is dictated by the singular values of the 

Modulus matrix m n  of the present iteration. The Iterative 

evolution of the Phase matrix m n  involves re-adjustment 

of the individual phase terms (the matrix elements of the 

Phase matrix) preserving their modulus to unity, and 

ensuring the conformance to the convention requirement: 

0 1ij ijr c   , such that the ‘c’ parameter is conserved 

at every iteration step. 

 

The article presents the mathematical formalism and 

illustrates the same with suitable numerical examples. A 

section on a hypothetical case which presents the numerical 

illustration of phase re-adjustment in presence of non-

negativity but lack of positivity in m n  follows the set of 

illustrative examples.  The article concludes with a 

discussion on the case studies and on observations 

pertaining to the mathematical framework associated with 

the evolution scheme. 
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II. MATHEMATICAL FRAMEWORK AND ASSOCIATED ANALYSIS 

 
The following results, stated in [20], [21], [22] and [23] provide the groundwork for the formalism described in this article: 

 

 ( )m nA M C  , 

1 1

m n

ij i j

i j

A a e f
 

  , ,ij ij ija r c  0 , , 1ij ij ij ij ija r a c C c    ,we consider the following 

convention in the case of zero matrix elements of matrix  A : 0 0, 1ij ij ija r c    

 
1 1

( )
m n

ij

i j

R A r
 

  ,  
11 12 1 21 22 2 1 2

1 1

( ) .... .... ......... ....
m n

n n m m mn ij

i j

C A c c c c c c c c c c
 

   , we have therefore the following: 

( ) 0,R A  ( ) , ( ) 1, ( )m nC A C C A A M C     

  ˆ ˆ ˆ ˆ ˆ ˆ( , ) ( ), ( , ) ( ) | 0 , ( ) , ( )m n m n m nM r c M C M r c A M C A R A r C A c        , where we have the condition: 

ˆ ˆ ˆ0, , 1r c C c    

 
1 1

m n

m n ij i j

i j

r e f

 

   ,  

1 1

m n

m n ij i j

i j

c e f

 

   ,  we have:  m nA   m n  ○ m n  

 

We define the following:  ˆ ˆ ˆ ˆ( ) : ( , ) ( , )t M r c M r c ,  0,1,2,....t    ,   0t N  ,  we have the following recursion 

model:  

 

( 1) ( 1)m n m nA t t      ○ ( 1) ( )[ ( )] ( )[ ( )m n m n m nt t A t t t        ○ ( )]m n t , with the Imposed initial condition: 

(0) (0)m n m nA     ○ (0)m n ,   ˆ ˆ(0) ( , )m nA M r c   

        

      Iterative scheme for m n : 

 

 ( )t  denotes the rank of the matrix ( )m n t  

 singular values of ( )m n t : 1 2 ( )( ) ( ) .... ( ) 0tt t t     ,  we define:  

( )

1

( ) ( )
t

T j

j

t t


 


  

 We define the vectors ( )p t  and ( )q t  as follows:  

 

( )1 2

1

( )( ) ( ) 1 1 1
( ) . . . .

( )[2 ( )] ( )[2 ( )] ( )[2 ( )] [2 ( )] [2 ( )] [2 ( )]

T

t

m
T T T

m tm t m t
p t

t m t t m t t m t m t m t m t

 

        

 
  

      

 

( )1 2

1

( )( ) ( ) 1 1 1
( ) . . . .

( )[2 ( )] ( )[2 ( )] ( )[2 ( )] [2 ( )] [2 ( )] [2 ( )]

T

t

n
T T T

n tn t n t
q t

t n t t n t t n t n t n t n t

 

        

 
  

        
 

 We define the following Markov type Matrices[5, 8, 12, 25] :  

 

1
( ) ( ) [ ( ) ]

.
m m m mP t p t m I p t m

m n
 

 
   

 
 

1
( ) ( ) [ ( ) ]

.
n n n nQ t q t n I q t n

m n
 

 
   

 
 

 

 The Recursion model for m n  is given as follows:   

 

( 1) ( ) ( ) ( )T

m n m m m n n nt P t t Q t         ,   0,1,2,...,t     {0}t N   
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Iterative scheme for 
m n  : 

 

 We define the following  matrices: 

2 2
[1,exp( ( )),...., exp( [ 1]( ))]m mS diag i i m

n n

 
      , 

2 2
[1,exp( ( )),...., exp( [ 1]( ))]n nT diag i i n

m m

 
      , in these two matrix descriptions, ‘i’ denotes the imaginary unit, i.e.  

2 1i    

 

 We define:  ( 1) ( )m n m m m n n nt S t T         ,  0,1,2,...,t     {0}t N   

 

Rule: 

 

a. If  ( 1) 0m n t     ,  Then :  ( 1) ( 1)m n m nt t        

b. If  ( 1) 0m n t     ,  Then ( 1)m n t   is computed from ( 1)m n t   through the following sequence of steps: 

 

1. Compute the Matrices ( 1)m nX t   and ( 1)m nX t   as follows:  

1 1

( 1) ( 1)
m n

m n ij i j

i j

X t x t e f

 

    ,   where  ( 1) 1ijx t     when  ( 1) 0ijr t     and  ( 1) 0ijx t     when  

( 1) 0ijr t     ,      1,2,...,i m   ,  1,2,....,j n  

 

( 1) ( ) ( 1)m n m nX t m n X t      

 

2. ( 1) ( 1)m n m nt X t      ○  ( 1)m n t  ,   ˆ ( 1) ( 1) ( 1)m n m n m nt X t t         , 

1 1

ˆ ( 1) ( 1)
m n

m n ij i j

i j

t c t e f

 

      

3. 
1 1

( 1) ( 1)
m n

xy

x y

c t c t
 

     ,  ˆ( 1) ( 1)t c t c     , ‘i’ denotes the imaginary unit, i.e. 
2 1i      

( 1) exp[ ( 1)]t i t       where ( 1) [0,2 )t       0,1,2,...,t    {0}t N   

 

4. ( 1)t    denotes the number of zero elements in ( 1)m n t   . ‘i’ denotes the imaginary unit, i.e. 
2 1i   , We define the 

following: 
( 1)

( 1) exp[ ( )]
. ( 1)

t
t i

m n t







  

 
 

5. ˆ ( 1) [ ( 1) ]m n m nt t m n      ○ ( 1)m nX t   ,  ˆ( 1) ( 1) ( 1)m n m n m nt X t t         

6. ( 1) ( 1)m n m nt t       ○ 

1 1

ˆ ( 1) ( 1)
m n

m n ij i j

i j

t c t e f

 

     

 
We have the following conservation equations associated with the Iterative evolution scheme: 

 

  

1 1

ˆ( )
m n

xy

x y

r t r
 

  ,   0,1,2,....t    ,   {0}t N   

 
1 1

ˆ( )
m n

xy

x y

c t c
 

   ,  0,1,2,....t    ,  {0}t N   
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           Numerical Examples 

 

1) 
2 3

2 3

1 0 0
(0)

0 1 0
A 



 
  
 

 ,   We have : ˆ ˆ( 2, 1)A M r c    

 
We have the following set of Results:   

 

 
2 3

2 3

1 0 0
(0)

0 1 0




 
   

 
,  

2 3

2 3

1 1 1
(0)

1 1 1




 
   

 
  

 

 
2 2

7 51
(0)

5 712
P 

  
    
   

 ,    
3 3

23 15 15
1

(0) 15 23 15
48

10 10 18

Q 

 
   

     
  

  

 

 2 3

2 3

59 55 301
(1)

55 59 30144




  
     

   
,  2 3

2 3

1 1 1
(1)

  




 
   

 
 ,  where   31

2 2
i
 

    
 

 ,     
2 1i    

 

 2 3

2 3

0.409722 0.381944 0.208333
(1)

0.190972 0.330774 0.204861 0.354830 0.104167 0.180422
A

i i i




 
  

     
    .... (up to 6 decimal 

places) 

 
2 2

0.973469 0.806802
(1)

0.026531 0.193198
P 

 
  
 

   ,   3 3

0.771768 0.605102 0.605102

(1) 0.019898 0.186565 0.019898

0.208333 0.208333 0.375

Q 

 
 


 
  

   

.... (up to 6 decimal places) 

 

  2 3

2 3

1.195079 0.152487 0.432705
(2)

0.147068 0.019254 0.053406




 
   

 
  ....(up to 6 decimal places) 

 

   2 3

2 3

1 1 1
(2)

  
   



 
   

 
 

 

 2 3

2 3

1.195079 0.152487 0.432705
(2)

0.073534 0.127365 0.009627 0.016674 0.026703 0.046251
A

i i i




 
  

      
.... (up to 6 decimal 

places) 

 

2) 2 3

2 3

2 0 0
(0) ,

0 0 0
B 



 
  
 

  We have : ˆ ˆ( 2, 1)B M r c    

We have the following set of Results:   
 

  2 3 2 3

2 3 2 3

2 0 0 1 1 1
(0) , (0)

0 0 0 1 1 1
 

 

   
      

   
 

 

 2 2

13 101
(0)

5 818
P 

  
    
   

   ,   3 3

4 3 3
1

(0) 1 2 1
6

1 1 2

Q 

 
   

     
  
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 
2 3

2 3

104 26 261
(1)

40 10 10108




  
     

   
,  

2 3

2 3

1 1 1
(1)

  




 
   

 
 

 

 
2 3

2 3

0.962963 0.240741 0.240741
(1)

0.185185 0.320750 0.046296 0.080188 0.046296 0.080188
B

i i i




 
  

     
 

.... (up to 6 decimal places) 

 

 
2 2

13 101
(1)

5 818
P 

  
    
   

   ,   
3 3

4 3 3
1

(1) 1 2 1
6

1 1 2

Q 

 
   

     
  

   

 

  
2 3

2 3

0.826132 0.262860 0.262860
(2)

0.396091 0.126029 0.126029




 
   

 
 .... (up to 6 decimal places) 

 

 2 3

2 3

1 1 1
(2)

  
   



 
   

 
 

 

 2 3

2 3

0.826132 0.262860 0.262860
(2)

0.198045 0.343024 0.063014 0.109144 0.063014 0.109144
B

i i i




 
  

      
.... (up to 6 decimal 

places) 

 

3) 2 3

2 3

0 0
(0)

0 0

i
D

i




 
  

 
 ,  We have:  ˆ ˆ( 2, 1)D M r c    

 

We have the following set of Results:   
 

 2 3

2 3

1 0 0
(0)

0 1 0




 
   

 
  ,  2 3

2 3

1 1
(0)

1 1

i

i




 
   

 
 

 

 2 2

7 51
(0)

5 712
P 

  
    
   

   ,  3 3

23 15 15
1

(0) 15 23 15
48

10 10 18

Q 

 
   

     
  

 

 

  2 3

2 3

59 55 301
(1)

55 59 30144




  
     

   
 ,   2 3

2 3

1 1
(1)

i

  




  
   

 
 ,  where  3 1

2 2
i

 
  
 

  , 
2 1i    

 

 2 3

2 3

0.409722 0.381944 0.208333
(1)

0.190972 0.330774 0.354830 0.204861 0.104167 0.180422

i
D

i i i




  
  

     
 

.... (up to 6 decimal places) 

 

 2 2

0.973469 0.806802
(1)

0.026531 0.193198
P 

 
  
 

   ,   3 3

0.771768 0.605102 0.605102

(1) 0.019898 0.186565 0.019898

0.208333 0.208333 0.375

Q 

 
 


 
  
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  
2 3

2 3

1.195079 0.152487 0.432705
(2)

0.147068 0.019254 0.053406




 
   

 
 .... (up to 6 decimal places) 

 

 
2 3

2 3

1 1
(2)

i

  
  



 
   

 
 

 

 
2 3

2 3

1.195079 0.152487 0.432705
(2)

0.073534 0.127365 0.016674 0.009627 0.026703 0.046251

i
D

i i i




 
  

     
.... (up to 6 decimal 

places) 

 

       Numerical Example of Phase redistribution scheme when associated R matrix is non-negative and not  
       strictly positive 

 

  
2 3

2 3

1 1 1
( )

1 1 0
t



 
   

 
  ,   

2 3

2 3

1 1 1
( )

1 1
t

i




 
   

 
, 2 3

ˆ ˆ( ) ( 5, )A t M r c i     , {0}t N   

 

 

2 3

1 1 1
( )

1 1 0
X t



 
  
 

  ,  

2 3

0 0 0
( )

0 0 1
X t



 
  
 

 

 

 2 3

2 3

1 1 1
ˆ ( )

1 1 1
t



 
   

 
 , ( ) 1c t   ,   ( )t i    ,   ( )

2
t      ,  ( . ( )) 5m n t   , ( ) exp[ ( )]

10
t i     

 

 2 3

2 3

( )
1

t
  

 




 
   

 
  ,   where exp[ ( )]

10
i      

 

 2 3

2 3

( )
1

t
  

 




 
   

 
,     2 3

2 3

( )
0

A t
  

 




 
  
 

 

 

 

III. DISCUSSION AND CONCLUSION 

 

The Iterative evolution scheme presented in the article 

describes a discrete evolution scheme [4,6] on M(r,c) subsets 

of strictly rectangular (i.e. m≠n) complex matrix spaces of 

order m by n. The real life problems in science and 

engineering, which can be mapped onto M(r,c) subsets of 

complex matrix spaces, the presented scheme provides for 

those problems a possible framework to describe a discrete 
dynamical/discrete evolutionary system on such subsets.  

 

In the Illustrative examples presented in the article, the 

matrices 2 3(0)A  , 2 3(0)B  and 2 3(0)D   belong to 

ˆ ˆ( 2, 1)M r c   subset of 2 3( )M C , they represent 

different Initial conditions for the Iteration framework and 

hence, different evolutionary routes in the Matrix space 

confined on the particular M(r,c) subset. 2 3(0)A   and 

2 3(0)D   have the same Modulus matrix ( m n ) 

component but different phase matrix component ( m n ), 

hence, conservation of the ‘r’ parameter occurs along the 

same iterative route for these initial conditions, but 

conservation of the ‘c’ parameter follows along different 

routes, this ultimately results in a different overall iterative 

evolution being associated with these two initial conditions. 

Similarly, 2 3(0)A   and 2 3(0)B   have the same phase 

matrix component but different Modulus matrix component, 

therefore it results in different iterative evolution routes for 

conservation of the ‘r’ parameter and different overall 

iterative evolution. 

 
In the Hypothetical example, the modulus matrix 

associated with the particular iteration step is non -negative 

but not strictly positive, hence, the conformance to the 

convention 0 1ij ijr c    require readjustment and 

redistribution of the phase terms.  The matrices 2 3( )t  and 

2 3( )t  satisfy the imposed convention and generate the 

2 3( )A t  matrix. 
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Deeper understandings of the iterative evolution 

scheme require analysis of the limiting behavior of the 
scheme and its dependence, if any, on the initial conditions. 

These issues will be addressed in subsequent follow up 

studies. 

 

REFERENCES 

 

Books: 

 

[1]. Anderson, T.W., An Introduction to Multivariate 

Statistical Analysis, 3rd Edition, Wiley-India Edition. 

[2]. Biswas, Suddhendu, Textbook of Matrix Algebra, 3rd 

Edition, PHI Learning Private Limited 
[3]. Datta, B. N., Numerical Linear Algebra and 

Applications, SIAM 

[4]. Elaydi, Saber, An Introduction to Difference 

Equations, 3rd Edition, Springer International Edition 

[5]. Gagniuc, Paul A., Markov chains: From Theory to 

Implementation and Experimentation, John Wiley and 

Sons (2017) 

[6]. Goldberg, Samuel, Introduction to Difference 

Equations: With Illustrative Examples from 

Economics, Psychology and Sociology, Dover 

Publications, Inc. 
[7]. Graham, Alexander, Kronecker Products & Matrix 

Calculus with Applications, Dover Publications, Inc. 

[8]. Graham, Alexander, Nonnegative Matrices & 

Applicable Topics in Linear Algebra, Dover 

Publications, Inc. 

[9]. Hogben, Leslie, (Editor), Handbook of Linear Algebra, 

Chapman and Hall/CRC, Taylor and Francis Group 

[10]. Horn, Roger A., and Johnson, Charles R., Matrix 

Analysis, Cambridge University Press (2012) 

[11]. Johnson, Richard. A., and Wichern, Dean. W., Applied 

Multivariate Statistical Analysis, 6th Edition, Pearson 

International 
[12]. Meyer, Carl. D., Matrix Analysis and Applied Linear 

Algebra, SIAM 

[13]. Rao, A. Ramachandra., and Bhimasankaram, P., 

Linear Algebra, 2nd Edition, Hindustan Book Agency 

[14]. Rencher, Alvin. C., and Schaalje, G. Bruce., Linear 

Models in Statistics, John Wiley and Sons, Inc., 

Publication  

[15]. Steeb, Willi-Hans, and Hardy, Yorick, Problems and 

Solutions in Quantum Computing and Quantum 

Information, World Scientific 

[16]. Strang, Gilbert, Linear Algebra and its Applications, 
4th Edition, Cengage Learning 

[17]. Sundarapandian, V., Numerical Linear Algebra, PHI 

Learning Private Limited 

 

 

 

 

 

 

 

 
 

 

Research Articles 

[18]. Brewer, J. W., Kronecker Products and Matrix 
Calculus in System Theory, IEEE Trans. on   Circuits 

and Systems, 25, No.9, p 772-781 (1978) 

[19]. Davis, Chandler, The norm of the Schur product 

operation,  Numerische Mathematik, 4(1),  p. 343-344 

(1962) 

[20]. Ghosh, Debopam, A Matrix Property for Comparative 

Assessment of subsets of Complex Matrices 

characterized by a given set of Global Mass and 

Global Alignment Factors, International Journal of 

Innovative Science and Research Technology, Volume 

6, Issue 1, January – 2021, p. 599 - 602 

[21]. Ghosh, Debopam, A Mapping Scheme for Mapping 
from Subsets of Complex Matrix Spaces Characterized 

by a Given set of Global Mass and Alignment Factors 

to the set of Hermitian, Positive Definite and Positive 

Semi Definite, Unit Trace, Complex Matrices of order 

2, International Journal of Innovative Science and 

Research Technology, Volume 6, Issue 1, January – 

2021, p. 603 - 607 

[22]. Ghosh, Debopam, A Mapping Framework for 

Mapping from Subsets of Complex Matrix Spaces of 

Order m by n to the Subsets of Complex Matrix Spaces 

of Order J, Where J≥2,  
[23]. International Journal of Innovative Science and 

Research Technology, Volume 6, Issue 3, March – 

2021, p. 475 - 483 

[24]. Ghosh, Debopam, An Application of Spacer Matrix 

based Matrix chain propagation: Associating Complex 

Infinite Sequences with Elements of M(r,c) Subsets of 

Complex Matrix Spaces of Order m by n, Where m≠n, 

International Journal of Innovative Science and 

Research Technology, Volume 6, Issue 4, April – 

2021, p. 177 - 183 

[25]. Ipsen, Ilse C. F., and Meyer, Carl D.,  The Angle 

Between Complementary Subspaces, NCSU Technical 
Report #NA-019501, Series 4.24.667 (1995) 

[26]. Markov, A., A., Rasprostranenie zakona bol’shih 

chisel na velichiny, zavisyaschie drug ot   druga , 

Izvestiya Fiziko-matematicheskogo obschestva pri 

Kazanskom universitete , 2-ya seriya, tom 15, p. 135 -

156 (1906) 

[27]. Million, Elizabeth, The Hadamard Product, 

buzzard.ups.edu (2007) 

[28]. Paris, Matteo G A, The modern tools of Quantum 

Mechanics : A tutorial on quantum states,  

measurements and operations, arXiv: 1110.6815v2 [ 
quant-ph ] (2012) 

[29]. Roth, W. E., On Direct Product Matrices, Bull. Amer. 

Math. Soc., No. 40, p 461-468 (1944)  

http://www.ijisrt.com/

